It is shown, for the first time to the best of author's knowledge, that when the finite dimensional space sequence is generated by using Nedelec's edge elements of any order and of both families defined on tetrahedra, the so-called discrete compactness property holds true for Lipschitz polyhedra even in the presence of mixed boundary conditions. The family of meshes is not required to be quasi-uniform but just regular. A standard way to deal with general dielectric permittivities completes the picture.
Introduction
The importance of the discrete compactness property [1] has recently become evident in computational electromagnetics [2] , [3] , [4] . In particular, it plays a crucial role in proving the convergence of Galerkin finite element approximations for both eigenproblems [5] , [2] , [6] , [7] and driven problems [8] , [9] , [4] .
It is well known that the discrete compactness property was firstly proved for first-order Nedelec tetrahedral edge elements of the first family [10] by Kikuchi in 1989 [1] . This fundamental first proof was carried out under some regularity assumptions which are not always satisfied when material properties are discontinuous or when different boundary conditions are given on submanifolds having a common boundary [11] , [12] . In other contributions [4] , [2] the same property was proved for all Nedelec edge elements (of both families for tetrahedra [10] , [13] and of the first family for hexahedra) but the indicated limitations of the original proof were retained. Some results in the presence of boundary conditions of different types are actually available but just for problems where the indicated lack of regularity does not arise. This is the case of [7] , where eigenproblems with mixed boundary conditions are introduced to exploit the domain symmetry, or when different boundary conditions are given on different connected components of the boundary [9] . On the contrary, the technique introduced in [6] makes it possible to generalize quite easily all known proofs of discrete compactness to cover cases involving all materials of practical interest [7] , [9] . Thus, thanks to this result, nowadays "truly" mixed boundary conditions are one of the main obstacles to be overcome in order to obtain a general proof of the discrete compactness property for edge elements.
Unfortunately, in several models of practical interest different boundary conditions are given on submanifolds having a common boundary. This is the case for example of the classical model introduced in [14] (pp. 299-301) to deal with aperture coupled rectangular waveguides. Another example is provided in [15] (p. 593), where the problem of radiation by apertures is considered. In such cases n × E = 0 on part of a plane and n × H = 0 on the complementary part of the plane belonging to the boundary. For these and for many other simple and important models the regularity of solenoidal fields is not enough [11] for all known proofs of discrete compactness to hold true. Thus, at present, no convergence result is available for finite element approximations of these practically important problems.
The purpose of this paper is to prove that edge elements of any order and of both families defined on tetrahedra [10] , [13] satisfy the discrete compactness property, provided that the family of triangulations is regular [16] , independently of the presence of mixed boundary conditions (and of course of material inhomogeneities). Thus, as a by-product, convergence result for edge based finite element approximations of electromagnetic problems can be established independently of the presence of mixed boundary conditions. This paper is organized as follows. In Section 2 some assumptions on the domain, its boundary, material properties and the family of triangulations are introduced. In Section 3, a set of four conditions is proved to be sufficient for the discrete compactness property to hold true even in the presence of mixed boundary conditions. In carrying out the proof vector fields are thought of as elements of H(curl; Ω) and just for the solenoidal fields of this space a standard regularity result is exploited. Then, in Section 4, Nedelec's edge elements of any order and of both families defined on tetrahedra are proved to satisfy the sufficient conditions reported in Section 3.
Assumptions and notations
Let Ω ⊂ R 3 be a simply connected Lipschitz polyhedral domain [17] . Let Γ = ∂Ω be its connected boundary and suppose that it splits into two disjoint open submanifolds Γ τ and Γ ν satisfying Γ τ ∪ Γ ν = Γ and Γ τ ∩ Γ ν = ∅. Hence, Γ τ and Γ ν have a nonempty common boundary. Moreover, we assume that this common boundary is a piecewise straight simple closed curve. The outward unit vector normal to Γ will be denoted by n. Notice that the limit cases where one of the above submanifolds is empty are not allowed since the result we are looking for is already known [1] in these cases. For the same reason [9] , the case of an empty common boundary is also excluded. The above assumptions on Ω, Γ, Γ τ and Γ ν are useful to simplify the following discussion but not all of them are necessary and our result can be stated under very general topological assumptions [18] (see also [6] for an analogous approach).
It would be possible to introduce some notations to deal with material properties. However, as pointed out in the introduction, Proposition 2.27 of [6] provides a clear indication that material properties are not anymore an obstacle. This Proposition was exploited in [6] and [7] for proving the convergence of finite element approximations of electromagnetic eigenproblems and, for example, in [9] to deal with electromagnetic driven problems. Thus, we will just consider problems involving homogeneous media.
A consequence of the previous assumptions is that we can use much of the symbols introduced in [6] . For the sake of clarity, however, we report the most important spaces [18] for the next developments:
where Let us now introduce a sequence of finite dimensional subspaces of V . In order to do so, let us introduce a family of triangulations {T h } h∈I of Ω and a specific finite element on the triangulation T h , so defining a family {V h } h∈I (or simply {V h }) of finite dimensional subspaces of V [16] . We will assume, as usual, that h denotes the maximum diameter of all elements of the triangulation T h , that I is a denumerable and bounded set of strictly positive numbers having zero as the only limit point, that the family of triangulations is regular [16] , that, for every h, T h exactly covers Ω (i.e., Ω = ∪ K∈T h K, where K denotes as usual a generic element of the triangulation T h ), and, finally, that, for every h, Γ ν and Γ τ are the union of faces of elements of T h . Due to their practical importance, in this paper we will be particularly interested in the properties of Nedelec's tetrahedral edge elements. With this aim, let us consider the following spaces [10] , [13] , [7] (l ∈ N, l > 0, m ∈ N, m > 0):
where R l and Q l are defined in [10] and [13] and are usually referred to as the first and second family of Nedelec's elements, respectively. F l , E l+1 and P m,1 are defined in [7] (definitions 1 and 2, p. 340, for F l and E l+1 , respectively, and Remark 6, p. 345, for P m,1 ) as
being the indicated degrees of freedom defined for example in [10] , [13] , [9] and [7] . These spaces will be used, as already pointed out, to define V h . We will also make use of the following spaces
where P n is the space of polynomials of degree at most n (n ∈ N, n ≥ 0) [16] . Finally, by using the notation
let us recall the conditions on {V h } we will mainly work with:
In the next section we prove that a sequence {V h } satisfies (DCP) in the presence of mixed boundary conditions provided that a set of sufficient conditions is satisfied. In order to simplify the notation we will use the same symbols for sequences and their subsequences.
3 Sufficient conditions on {V h } for discrete compactness
The following proposition provides a first abstract result. The main idea is to avoid the problems due to the lack of regularity of the solenoidal fields in V by thinking of an element of V as an element of U .
Proposition 3.1. Suppose that the hypotheses reported in Section 2 concerning the domain, its boundary, the homogeneous material and the triangulation of the domain are satisfied. Then (DCP) is satisfied for any sequence of subspaces {V h } satisfying
Proof. The proof is splitted into five steps.
Step 1. Definition of a new sequence.
Let us consider a sequence {v
, by using H1 we deduce
where u 0ch ∈ U 0 , u 1ch ∈ U 1 , and, by the orthogonality in U of the decomposition and the boundedness of the sequence {v h }, u 0ch curl,Ω ≤ C 0 , ∀h ∈ I and u 1ch curl,Ω ≤ C 0 , ∀h ∈ I.
The sequence we will mainly work with is {u 0ch }. Since we are considering a topologically trivial situation we have that
Step 2. Approximation of the new sequence.
, being s,Ω the natural norm in (H s (Ω)) 3 and C 1 a positive constant depending only on Ω. Moreover, by using H2 we have
and if π h denotes the standard [16] global P 1 interpolation operator for scalar fields (on tetrahedra),
and, by using H3 we obtain:
Step 3. Behaviour of p ch | Γτ . By using (20) , inequality |p ch | 1,Ω = u 0ch 0,Ω ≤ C 0 and Poincaré inequality for functions with vanishing mean value we deduce p ch and, consequently, p ch | Γ 1/2,Γ ≤ C 7 which in turn implies p ch | Γτ 1/2,Γτ ≤ C 8 . Thus we can conclude that
Since by H1 v h ∈ V , we have that on Γ τ
Let Γ j , j = 1, . . . , J, denote the faces of the polyhedron Ω and let Γ τj = Γ j ∩ Γ τ . We assume that if j ∈ M ⊂ {1, . . . , J} then Γ τj is not empty. On each face Γ j the outward unit vector n normal to Γ is a constant vector. Thus, by using (25) and the regularity of u 1ch we deduce
Finally, by using the fact that (n × (grad p ch )| Γτ j ) × n is equal to the surface gradient of p ch | Γτ j on Γ τj [9] , [20] , by definition 1.3.2.1 of [21] and by inequalities (24) and (26) we deduce
Let us define e j1,j2 = (Γ τj 1 ∩ Γ τj 2 )
• , j 1 , j 2 ∈ M and denote by γ 2D,j the trace operator from
By (21) we deduce
Then, by (27) and (28) we obtain
in the sense of H s (e j1,j2 ) when e j1,j2 is not empty (if this is not the case condition (29) is trivial). When (27) and (29) are satisfied, in order to simplify the notation we will say that
and that
and the same notation will be adopted for spaces of functions with domain Γ [22] . By using Sobolev imbedding theorem [23] for each p ch | Γτ j , j ∈ M , we deduce that
and for a subsequence of
By using (33), the continuity and the linearity of each trace operator γ 2D,j from H 1+δ (Γ τj ) to H 1/2+δ (∂Γ τj ), j ∈ M , and (29) we deduce
(last condition being trivial when e j1,j2 = ∅) that is, according to our notation
Moreover, by using (33), (34) and the norm indicated in (31) we obtain
Step 4. Some auxiliary scalar fields. By using Poincaré inequality and Lax-Milgram lemma, we define q ch ∈ H 1 0,Γτ (Ω) by
and r ch = p ch + q ch ∈ H 1 (Ω). Note that, for all h ∈ I, r ch is the unique field in H 1 (Ω) satisfying r ch | Γτ = p ch | Γτ and (grad r ch , grad t) 0,Ω = 0 ∀t ∈ H 1 0,Γτ (Ω). The same decomposition of p h is possible. Thus we define q h ∈ P 1,hV by
and r h = p h + q h ∈ P 1,h . For all h ∈ I, r h is the unique field in P 1,h satisfying r h | Γτ = p h | Γτ and (grad r h , grad t h ) 0,Ω = 0 ∀t h ∈ P 1,hV .
Step 5. A sufficient condition for (DCP) holds true.
The orthogonal decomposition V = V 0 ⊕ V 1 and hypothesis H1 imply
. But note that grad q ch = v 0ch . As a matter of fact, grad q ch is the V 0 (= grad(H 1 0,Γτ (Ω))) component of grad p ch = u 0ch = v h − u 1ch and u 1ch ∈ U 1 is orthogonal to U 0 ⊃ V 0 . Thus inequality (23) implies
The following sufficient condition for (DCP)
would imply lim h→0 v 0ch − grad q h 0,Ω = 0, which, in turn, implies lim h→0 v 0ch 0,Ω = 0 since v 0ch is orthogonal (in (L 2 (Ω)) 3 ) to V 0h for all h ∈ I and by H4 to grad q h ∈ grad(P 1,hV ) ∀h ∈ I (as v h ∈ V 1h and v 1ch ∈ V 1 ).
The next two lemmas prove that condition (41) is satisfied.
Remark 3.2. The sequences appearing in condition (41) have peculiar properties. As a matter of fact, one could note that, on the one hand, r ch is the weak solution of a problem for the Laplace operator with mixed boundary conditions given by r ch | Γτ = p ch | Γτ on Γ τ and the homogeneous Neumann condition on Γ ν , with p ch | Γτ satisfying (36). On the other hand, r h is its standard finite element approximation (see for example [17] , p. 147) obtained by setting r h (b ih ) = p ch (b ih ), where b ih are the nodes of the triangulation T h belonging to Γ τ (the above conditions have a sense since r ch | Γτ = p ch | Γτ ∈ C 0 (Γ τ ) (see (28)). As a matter of fact, r h | Γτ = p h | Γτ and by definition p h = π h p ch .
Remark 3.3.
A result analogous to the one provided by the next lemma can be found for example in [24] (p. 132 and exercise 5.x.10). However, for the sake of completeness we provide a proof.
Proof. We use a continuous linear extension operator R 1 from H 1+δ (Γ τ ) into H 1+δ (Γ) to define ep t = R 1 (p t ) such that ep t | Γτ = p t and ep t 1+δ,Γ ≤ C 1 p t 1+δ,Γτ . This is possible [21] since Γ τ is a Lipschitz submanifold of Γ which, in turn, is the Lipschitz continuous boundary of a polyhedron. The same notation as that used in Step 3 of the proof of Proposition 3.1 for spaces of functions with domain Γ τ or Γ is here adopted. Now, by using Theorem 2 of [22] there exists a continuous inverse R 2 of the first order trace operator γ (1) [22] such that r 02 = R 2 (ep t ) ∈ H 3/2+δ (Ω), r 02 | Γ = ep t , r 02 | Γτ = p t and r 02 3/2+δ,Ω ≤ C 2 ep t 1+δ,Γ ≤ C 2 C 1 p t 1+δ,Γτ .
By using Poincaré inequality and Lax-Milgram lemma, we define φ 2 ∈ H 1 0,Γτ (Ω) by
and r 2 = φ 2 + r 02 ∈ H 1 (Ω). Note that |φ 2 | 1,Ω ≤ |r 02 | 1,Ω ≤ r 02 3/2+δ,Ω ≤ C 2 C 1 p t 1+δ,Γτ and that |r 2 | 1,Ω ≤ |r 02 | 1,Ω + |φ 2 | 1,Ω ≤ 2C 2 C 1 p t 1+δ,Γτ . Note, moreover, that r 2 is the unique field in H 1 (Ω) satisfying r 2 | Γτ = r 02 | Γτ = p t and (grad r 2 , grad t) 0,Ω = 0 ∀t ∈ H 1 0,Γτ (Ω). The decomposition r 2 = φ 2 + r 02 is useful since the irregular component φ 2 satisfies homogeneous boundary conditions on Γ τ .
Since r 02 ∈ H 3/2+δ (Ω) with δ > 0 we can define r 02h = π h r 02 . By Theorem 5.48 of [9] we deduce
By definition we have r 02h (b ih ) = p t (b ih ), where b ih are the nodes of the triangulation T h belonging to Γ τ , ∀h ∈ I. Now we define φ 2h as follows:
We define also φ 2h,1 and φ 2h,2 by substituting r 02h with r 02h − r 02 and r 02h with r 02 in the above problem, respectively. Thus φ 2h = φ 2h,1 + φ 2h,2 and we have that |φ 2h,1
. Moreover, it is well known [17] (Theorem 18.2) that lim h→0 grad φ 2 − grad φ 2h,2 0,Ω = 0.
Finally, let us define r 2h = φ 2h + r 02h . We have r 2h (b ih ) = p t (b ih ), ∀b ih ∈ Γ τ , ∀h ∈ I and (grad r 2h , grad t h ) 0,Ω = 0 ∀t h ∈ P 1,hV . Thus, on the one hand, r 2h is the unique field in P 1,h having these properties and, on the other hand,
We can conclude the proof by observing that r 2 and r 2h can be easily identified with r ch and r h of Proposition 3.4, respectively, subject to the boundary conditions stated in the present lemma.
Lemma 3.5. Condition (41) is satisfied whenever condition (36) holds true.
Proof. This is a trivial consequence of Lemma 3.4. Let us consider
Consider first just the part of the boundary condition given by p th1 . Let us denote by r 1ch (for all h ∈ I) the unique field in H 1 (Ω) corresponding to r 2 in the proof of Lemma 3.4. This means that r 1ch is defined by the same procedure we used to define r 2 in the proof of Lemma 3.4 but, in this case, the boundary conditions are given by p th1 instead of p t . Then |r 1ch | 1,Ω ≤ 2C 2 C 1 p th1 1+δ,Γτ . The components φ 1ch and r 01ch corresponding to φ 2 and r 02 of Lemma 3.4, respectively, satisfy |φ 1ch | 1,Ω ≤ C 2 C 1 p th1 1+δ,Γτ and r 01ch 3/2+δ,Ω ≤ C 2 C 1 p th1 1+δ,Γτ . Finally the discrete field r 01h corresponding to r 02h satisfies r 01h − r 01ch 1,Ω ≤ C 4 C 2 C 1 p th1 1+δ,Γτ h 1/2+δ . Condition (36) means that p th1 1+δ,Γτ → 0 as h → 0. Thus |r 1ch | 1,Ω → 0 and |r 01ch | 1,Ω → 0 as h → 0 and therefore |r 01h | 1,Ω → 0 as h → 0. Finally, by (44) even φ 1h (corresponding to φ 2h ) is such that |φ 1h | 1,Ω → 0 as h → 0 so that r 1h (corresponding to r 2h ) is such that |r 1h | 1,Ω → 0 as h → 0. We deduce that |r 1ch − r 1h | 1,Ω → 0 as h → 0. Now, we consider the part of the boundary condition given by p ch | Γτ = p t . By Lemma 3.4 we deduce |r 2 − r 2h | 1,Ω → 0 as h → 0.
Since r ch and r h of Proposition 3.1 are such that r ch = r 1ch + r 2 and r h = r 1h + r 2h we deduce condition (41).
In the next section we prove that when the sequence of subspaces {V h } is defined by using Nedelec's tetrahedral edge elements (i. e., V h = R l,hV ∀h ∈ I for any fixed l ∈ N, l > 0 or V h = Q l,hV ∀h ∈ I for any fixed l ∈ N, l > 0) conditions H1, H2, H3 and H4 are satisfied.
4 Discrete compactness property for all elements of the two Nedelec families defined on tetrahedra
In this section we simply try to verify that conditions H1, H2, H3 and H4 hold true for the elements of interest. Firstly, let us point out that H4 is satisfied provided that V h ⊃ R 1,hV . This is trivially true for V h = R l,hV and V h = Q l,hV , l ∈ N, l > 0, as it is well known. However, the same is true by definition (11) when V h = P m,1,hV , m ∈ N, m > 0 [7] (pp. 338-342 and p. 345).
Secondly, again by definitions (7), (8) and (11) condition H1 is satisfied for all the above spaces. Moreover, condition H2 simply requires H 1 regularity on an element by element basis. Thus H2 is trivially satisfied by all standard elements and by the elements of interest in particular.
Thus we have to work just on H3. When first order edge elements of the first Nedelec family are considered such condition is satisfied by Lemma 5 of [1] .
In order to obtain the same result for all other elements we work on the spaces V h = P m,1,hV , m ∈ N, m > 0. Suppose, for a moment, that we know that the space sequence so generated satisfies (DCP), for any fixed m > 0. Since, as already pointed out, P m,1,hV ⊃ R 1,hV , ∀m ∈ N, m > 0 [7] (p. 345) a standard result [17] implies that (CDK) is satisfied. Now observe that ∀h ∈ I:
• Q 1,hV = R 1,hV ⊕ F 1,hV [7] (Lemma 19), [7] , and that F l,hV ⊂ V 0 , ∀l > 0, [7] ( Lemma 20) . Then a direct application of Lemma 27 of [7] implies that the sequences generated by V h = R l,hV for all h ∈ I or by V h = Q l,hV for all h ∈ I satisfies (DCP) for any fixed l ∈ N, l > 0.
It just remains to prove (DCP) for the space sequence generated by P m,1,hV , ∀m ∈ N, m > 0. This is done by exploiting the following slight modification of Lemma 30 of [7] (ẑ = 0 in the original statement is replaced by gradẑ = 0 in the following lemma).
Lemma 4.1. If Z is a finite dimensional subspace of (H 1 (K)) 3 such that for allẑ ∈ Z curlẑ = 0 implies gradẑ = 0, then ∃C > 0, C independent ofẑ, such that |ẑ| 1,K ≤ C curlẑ 0,K .
Proof. Let Z 0c = {z ∈ Z | curl z = 0} and Z 0g = {z ∈ Z | grad z = 0}. One of the hypotheses easily implies Z 0c = Z 0g . In order to simplify the notation we denote this space by Z 0 . The scalar products ( , ) 0,Ω , ( , ) 1,Ω and ( , ) curl,Ω are all exactly the same when at least one of the two fields involved belongs to Z 0 .
Let us now define
We have that in the finite dimensional space Z ⊥ 0 (subspace of Z) the seminorms | | 1,K and | | curl,K are actually norms, since Z 0 ∩ Z ⊥ 0 = {0}. Thus they are equivalent, i.e., ∃C > 0, C independent of z 1 , such that
Since any component z 0 ∈ Z 0 of any z ∈ Z (z = z 0 +z 1 ) is not able to affect the two seminorms appearing on the left and right hand side members of the last inequality, the Lemma is proved.
Then Lemma 33 and Corollary 2 of [7] hold true with the same modification. This modified version of Corollary 2 of [7] is the statement we needed since, provided its hypotheses are verified, it implies H3. To help the reader, we report below such a corollary with its original hypotheses
Corollary.
Let us suppose K ∈ T h is affine equivalent toK. Moreover, let σ > 0 be such that
T K (Z) and for allẑ ∈Ẑ, curlẑ = 0 impliesẑ = 0, then ∃C > 0, C independent of z, K, and h such that z 1,K ≤ C z curl,K ∀z ∈ Z.
But we always consider a regular family of meshes, so that, by using the notation of the above corollary, there exists σ > 0 such that hK ρK ≤ σ ∀K ∈ T h , ∀h ∈ I [17] . Moreover, ∀w h ∈ P m,1,hV we have w h | K ∈ P m,1 = R 1 ⊕ E 2 ⊕ . . . ⊕ E m+1 , ∀K ∈ T h , ∀h ∈ I and by Lemma 18 of [7] (see also [23] ) the spaces R l and E l+1 are invariant for all l > 0 under the usual affine transformation [23] , so that, with the notation of the corollary,Ẑ = B T K (Z) for all K ∈ T h affine equivalent toK. Finally, ifẑ =ŷ 1 +ŷ 2 + . . . +ŷ m+1 ,ẑ ∈ P m,1 ⊂ R m+1 ,ŷ 1 ∈ R 1 ⊂ Q 1 ,ŷ i ∈ E i ⊂ Q i , i = 2, . . . , m + 1, satisfies curlẑ = 0, we have by Lemma 9 of [7] thatẑ ∈ Q m . Butŷ i ∈ E i ⊂ Q i ⊂ Q m , i = 2, . . . , m andŷ 1 ∈ R 1 ⊂ Q 1 ⊂ Q m . Then alsoŷ m+1 ∈ Q m . As, by Lemma 16 of [7] E m+1 ∩ Q m = {0} we obtainŷ m+1 = 0. In an analogous way we can proveŷ i = 0, 2 ≤ i ≤ m. Thusẑ ∈ R 1 which impliesẑ ∈ P 3 0 , i.e., gradẑ = 0. Then all hypotheses of the modified version of Corollary 2 of [7] are satisfied and we thus have proved the following proposition Proposition 4.2. Suppose that the hypotheses reported in Section 2 concerning the domain, its boundary, the homogeneous material and the triangulation of the domain are satisfied. Then (DCP) is satisfied for the sequence of subspaces {V h } defined by V h = R l,hV ∀h ∈ I for any fixed l ∈ N, l > 0 or by V h = Q l,hV ∀h ∈ I for any fixed l ∈ N, l > 0. Remark 4.4. By using Proposition 2.27 of [6] we could remove the hypothesis concerning the homogeneous material from the statement of Propositions 3.1 and 4.2. As a matter of fact, a generalization of Proposition 2.27 of [6] can be proved when the dielectric permittivity is a matrixvalued complex function which satisfies condition H1 and H2 of [25] (Section 2) (see [9] for a result in this direction). Thus, for the first time to the best of author's knowledge, we proved that (DCP) holds true for all Nedelec edge elements (of any order and of both families defined on tetrahedra) in most cases of interest in engineering applications.
